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Abstract: In this paper we find substantially many non-zero numeral quintuples p,q,d,e,t fulfilling the

biquadratic equation with five unknowns (X —y) (x® +y®) =(1+12k*)(X * =Y ?)w’ different attractive

dealings among the solutions and out of the ordinary numbers, octahedral numbers, centered multilateral &
pyramidal numbers are exhibited.
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Notations Used:

o T,un -Polygonal number of rank n with size m.
e P, - Pyramidal number of rank n with size m.
e Pr, - Pronic number of rank n.

e (OH, - Octahedral number of rank n.

1. INTRODUCTION solutions and particular multilateral numbers are
offered.
Bi-quadratic  Diophantine  Equations,

uniform and ununiform, have aroused the attention 2. METHOD OF ANALYSIS
of many Mathematicians since uncertainty as can
be seen from [1,2,17-19]. In the background one The Diophantine equation representing the
may refer [3-16] for varieties of problems on the bi-quadratic equation with six unknowns below
Diophantine equations with two, three and four deliberation is
variables. This communiqué concerns with the
problems of determining non-zero fundamental (x—y)(x* +y*)=(1+12k*) (X * -Y *)w?
solutions of bi-quadratic equation in the six
unknowns represented by @

(x=yY) (< +y)=(1+12k*) (X? =Y *)W* .
A small number of attractive relations between the
X=U+2v,y=u—-2v,X =2u+V,Y =2u—-Vv 2

Introducing the linear transformations

in (1), it simplifies to
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u? +12v% = (1+12k*)w? 3)

The above equation (3) is solved through diverse methods and thus one obtains different sets of integer solutions
to equation (1).

Set.1
Let w=a’+12b’ @)
Substituting (4) in (3) and using method of factorization, define

(U+i2+/3v)=(1+i2v/3K) (a +i2+/3b)? ®)
Equating real and imaginary parts, we have

u=a’-12b? —24kab

6
v =ka’—-12kb? + 2ab ©

Substituting the values of u and v in equation (2), the non-zero distinct integral solutions of (1) are given by

x = x(a,b) = a® + 2ka® —12b* — 24kb? + 4ab — 24kab

y =y(a,b)=a® —2ka® —12b® + 24kb* — 4ab — 24kab

X = X(a,b) =2a® +ka® —24b* —12kb? + 2ab —48kab ©)
Y =Y(a,b) = 2a* —ka® — 24b* +12kb? — 2ab — 48kab

w=w(a,b)=a*+12b?

Properties:

1) x(a,a+1)+y(a,a+1)+2(11t, , +48kt, ) = —24(mod 48)
i) x(b+1,b) — y(b+1,b) + 4k(11t,, — 2b+1) —8Pr, =0
iii) x(a,2a® +1) + y(a,2a® +1) +144k OH, +2(48t, , +47t,, +12) =0

iv) x(2b% ~1,b) +w(2b? ~1,b) —2(4t, ., —4t,, + 2SO, +1) - 2k(4t, , —16t,, ~1250, +1) =0
V) X(a,2a—-1) —w(a,2a —1) + 4(24t, , —t, )+ 2k(47t, , —12t, , —48a +12) = —24 (mod 96)

vi) X(a,3a-1)+Y(a,3a-1) +428t, , +192kt, , = —48 (mod 288)
vii) X (4b—3,b) —Y (4b - 3,b) — 4t,,, —2k(4t,, —24b+9) =0
Note:

In (5) replace  (1+1 2.3 k) by(—1+i2\/§ k)
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(U +i24/3v) =(~1+i 24/3k) (a + i 24/3b) ®)

Following the process offered in set. 1 a diverse solution is given by

x = x(a,b) = —a® + 2ka® —12b* — 24kb” — 4ab — 24kab

y = y(a,b) = —a* — 2ka* +12b* + 24kb” + 4ab — 24kab

X = X (a,b) =-2a” +ka® + 24b> —12kb* — 2ab — 48kab 9)
Y =Y(a,b) = -2a* —ka® + 24b* +12kb” + 2ab — 48kab

w=w(a,b) =a*+12b?

Set .2

(3) can be written as

u? +12v? = (1+12k*)w? =1 (10)

Write 1 as 1 (2+i2 ﬁiéZ ~i24/3) (11)

Using (11) in (10) and employing the method of factorization, delineate
U+i2+3v=(1+i2+3K) (a+i2+/3b)? *(2“2\/_] 12)

Equating real and imaginary parts & replacing a by 4a and b by 4b, we have

u =8a% —48a’k —96b? +576b%k — 96ab —192abk

(13)
v =4a* +8a’k — 48b? —96b%k +16ab — 96abk

Using (13) & (2) we get the integral solutions of (1) to be

x =x(a,b)=16a® —32ka* —192b* + 384kb* — 64ab — 384kab

y =y(a,b)=—64ka’ + 768kb* —128ab

X =X(a,b)=20a* —88ka* — 240b* +1056kb* —176ab — 480kab (14)
Y =Y (a,b)=12a* —104ka* —144b* +1248kb* — 208ab — 288kab

w=w(a,b)=16a* +192b?

Properties:

i) x(a,2a? ~1) + y(a,2a’ 1) ~16(49t, , —48t, , —1250, —12) + 32k (147t , +144t, , —1250, +36) =0
ii) 2x(b+1,b) — y(b+1,b) + 352t , + 768k Pr, =1(mod64)
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iii) x(a,2a® +1) + w(a,2a’® +1) - 32(t,, —60H,)-32k(48t, , —47t,, +360H,) =0
iv) x(b+1,b) —w(b +1,b) +32k (12 Obl, -11t,, +2b+1) + 64(Obl, —6t, ) =0

v) y(@*,a+)+w(@’,a+1)+16(16P, +t, . +12t,,)+64k(t, . +12t,, +24a+12) = ~192 (mod 384)
vi) y(a,2a% ~1) ~ w(a,2a’ ~1) + (64k +16) (48t, . —47t,, +12)=0

vii) X (1,2b—1)— Y (L,2b —1) + 16k (48t , + 2GnO, +47b +12) + 32(12t,, +1) = —88(mod 384)

viii) X (a,7a—5)+Y (a,7a—5) +32(587t, , + 24t, ) + 64k (17611, , — 24t, , — 2520a +900)

= —9600(mod 26880)
Note :
In (12) replace(2 + 2\/§J by [_ 2+ 2\/§J
4 4
U+i243v=(1+i2v3K) (a+i2+3b)? *[‘2+2J§J (15)

Following the process offered in set.2 a diverse solution is given by

X = X(a,b) = —64ka* + 768kb> —128ab

y = y(a,b) = —16a® —32ka* +192b° + 384kb* — 64ab + 384kab

X = X(a,b) = —12a® —104ka® +144b? +1248kb* — 208ab + 288kab

Y =Y(a,b) = —20a® —88ka? + 240b? +1056kb? —176ab + 480kab (16)
w =w(a,b) =16a° +192b°

Case 1:
u’ +12v% = (1+12k*)w” *1

Instead of (11), write 1 as

L (1+i4/3)(1—i4/3) ‘o -
49

Using (17) in (10) and employing the method of factorization, define

u+i2J§v:(1+i2J§k)(a+i2J§b)2{ﬂ) (18)

Equating real and imaginary parts and replacing a by 7a and b by 7b
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u=7a*-168ka* —84b* + 2016kb*> —336ab —168kab
v=14a’ + 7ka’ —168b* —84kb* +14ab + 336kab

(19)

Using (19) & (2) we get the integral solutions of (1) to be

x = x(a,b) = 35a% —322ka? — 420b? +1948kb? — 308ab + 504kab

y = y(a,b) = —21a® —182ka’ + 252b> + 2184kb? — 364ab —840kab

X = X (a,b) = 28a% —329ka® —336b> + 3948kb* — 688ab

Y =Y (a,b) = —343ka’ + 4116kb* — 686ab — 672kab (20)
w = w(a,b) = 49a® + 588b?

Note

In (18) replace £1+ I74\/§] by (_:H?I 4\/§)

U+i2v3v=(1+i2v3k) (a+i2v/3b)? *(‘“—7””5} 1)
Following the procedure presented in case 1,a different solution is given by

x = x(a,b) = 21a® —182ka? — 252b? + 2184kb? — 364ab —504kab

y = y(a,b) = —35a* —154ka* + 420b” +1848kb* — 308ab + 840kab

X = X (a,b) = —343ka® + 4116kb? — 686ab

Y =Y (a,b) = —28a? —329ka’ + 336b? +3948kb* — 658ab + 672kab (22)
w = w(a,b) = 49a* + 588b?

Case 2:
u? +12v? = 1+12k*)w? *1
As an alternative of (17), write 1 as

1:((8+i8\/§)(8—i8\/§)J

(23)

256

Using (17) in (10) and employing the method of factorization, define
u+i2\/§v=(1+i2\/§k)(a+i2\/§b)2*(#] (24)

Equating real and imaginary parts and replacing a by 16a and b by 16b

5208



International Journal of Research in Advent Technology, Vol.6, No.9, September 2018

E-ISSN: 2321-9637
Available online at www.ijrat.org

u=128a’° —768ka’ —1536b° + 9216kb*> —1536ab —3072kab
Vv =64a’ +128ka’ — 7680° —1536kb* + 256ab —1536kab

Using (25) & (2) we get the integral solutions of (1) to be

x = x(a,b) = 256a® —512ka* —3072b? + 6144kb* —1024ab — 6144kab

y = y(a,b) = —1024ka? +12288kb? — 2048ab

X = X (a,b) =320a® —1408ka* —3840b° +16896kb* — 2816ab — 7680kab
Y =Y (a,b) =192a* —1664ka* — 2034b* +19968kb* — 3328ab — 4608kab
w = w(a,b) = 256a* + 3072b>

Note

In (24) replace[8+;-§\/§] by (_8+ |8\/§]

16

U+i2v3v=(1+i2v3k) (a+i2v/3b)? *(%]
Following the parallel process as in case 2,the equivalent numeral solutions of (1) are given by

x = x(a,b) = —1024ka® +12288kb? — 2048ab

y = y(a,b) = —256a° —512ka* + 3072b* + 6144kb* —1024ab + 6144kab

X = X (a,b) = —192a? —1644ka’ + 2034b* +19968kb* — 3328ab + 4608kab
Y =Y (a,b) = —320a® —1408ka’ + 3840b? +16896kb* — 2816ab + 7680kab
w = w(a,b) = 256a* + 3072b°

Set.1l

Rewrite (3), we get

u? —w? =12(k*w? —v?)
Choice: |

u+w :4(kw—v) :g’ B0
3(kw+ V) u—w p

Using method of cross ratio, we get
u(er, B,K) = =3a? + 457 — 24ka B

V(a, B,K) =3a’k — 4%k — 208
wW(a, 8,) = -3a’ —4p°

(25)

(26)

(@7)

(28)

(29)

(30)

(1)
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Hence in observation of (2) the parallel non-zero numeral solutions of (1) are

X = X(a, B,K) = -3a’ +6a’k + 4% —88°k — 4af — 24a 5K
y = Y(a, B,K) = -3a’ —6a’k + 47 + 87K + 4af — 24a K
X = X(a, B,k) =—6a’ +3a’k +85% —43°k — 208 — 48a 5k
Y =Y(a,B.k)=-6a’ —3a’k +8B° +45%k + 2a3 — 48a K
W= W(a, B,k) = -3a® - 4p°

Properties

i) x(ar,2a® +1,K) + y(a,2a® +1 k) - 2(16t, . +13t,, —72kOH,, +4) =0

i) x(a,2a” —=1,k) + y(a,2a® =1,k) + 2k(32t, . +38t,, -8)+8S0, =0

i) X(a,a +1L,K) +W(ar, +1,k) +2(3t, , +2Pr,) +2k(t,,, +12Pr,+8a +4) =0

iv)X(8,28° -1,K) + y(8,23° -1,k) —4(8t4ﬁ2 -8t, , -S0, +2) —2k(—13t4ﬁ2 +16t, , —S120,-4) =0
V) y(a,4a —-3,k) + W(ar, 4o - 3,k) — 2(20t, , + 2t ) —2k(61t, , —12t, , — 96 + 36) = 0(mod 96)

vi) Y583, 8,K) —W(55 -3, B,K) +8(t, ;, —t, ;) + 2k(24t, , + 79, , —90B +27) =0

vii) X(a,3a —2,k) +Y (a,3c — 2,k) —84t, , +96kt, , = 64(mod192)

viii) X(B+1, 8,K)-Y(B+1, 6,k) + 2k(t4lﬂ -64-3)+ 4Prﬁ =0
In addition to (30), (29) may also be uttered in the form of ratios in three diverse choices that are obtainable
below

Choice: 11

u+w  3kw-v) «

4(kw + V) ou-w p

Choice: 111

u+w  6(kw-v) «

2(kw+v) u-w p

Choice: IV

u+w _ 3(kw+v)  a
2(kw—v)_ u—w _ﬁ

Solving each of the exceeding system of equation by the subsequent process as offered in set.1ll, the parallel
integer solution to (1) are establish to be as given below

Solution for choice I1:
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X = X(a, f,K) = —4a® +8a’k + 3% —68°k — daff — 24a K
y = Y(a, f,K) = —4a’® —8a’k + 3% +63°k + daff — 24a K
X = X(a, B,K) =-8a’ +4a’k +63% —3B°k — 203 — 485K

Y =Y (a, B,k) = -8a® —4a’k + 6 5% + 387k + 2af — 4805k
w=W(a, B,k) =—4a’ -3f°

Solution for choice I11:

X =X(a, B,K) = —2a’ + 4o’k +68% ~123°k — daff — 24a kK
y=Y(a, B,k) = —2a° —4a’k +68° +123°k + daff — 24a K
X = X(a, B,K) = -4a® + 20°k +123° — 6 87k — 203 — 48ak
Y =Y(a,B.k) = —4a’ - 2a’k +123° +68°k + 2o — 48a K
w=wW(e, B,K) = —2a? —6ﬂ2

Solution for choice 1V:

x® +y® = (x—y)*X, reflections des ERA-
X =X(a, B,K) = 2a® + 4o’k —68° —123°k — ba3 + 24aBkVol.4,Issue3, pp 271-280,

= B.K)=2a® —4a*k —682 +128%k + 4 2%0? an .M.A. and  Janaki.G., (2009),
Y=y k) “ X prrlafks a,bl Obsék/atlon on (X —y)4xy_z X, Acta

X = X(a,B,k) =4a® + 2a°k —128° —6 7k — 208 + 48 ndica, V0| XXXVM, No.2,445

2 5 Vldhyalakshmls and
Y =Y(a p.k)= 4a’ 20k - 12’8 +6/ k+2aﬁl@%§%€las (2010) Ternary  Quartic

W= W(a,ﬂ, k) 2a° +6ﬂ Diophantine Equation
24n+3(x3 _ y3) — Z4X
[6] Gopalan M.A., Vijayasankar.A and Manju
3. CONCLUSION: Somnath, (2010) Integral  solutions of
X2 — y2 =2'x, Impact journal of Science
and Technology, Vol.2(4), No. 149-157.
[7] Gopalan .M.A.,and Shanmuganandham.P.,

In this paper, we have offered distinct choices of
integral solutions to homogeneous biquadratic

equation with six unknowns, (2010), On the Biquadratic equation
(x=y) O +y%) =(A+12k*)(X* =Y *)w? x*+y*+z* =2w*x, Impact journal of
.To terminate, as biquadratic equations are rich in Science and Technology, Vol.4, No4, 111-115.
multiplicity, one may regard as other forms of [8] Gopalan M.A., Sangeetha.G.,(2011), Integral
biquadratic equations and rummage around for solutions of ternary  non-homogeneous
analogous properties. biquadratic equation
X' +x%+ y2 -y= 2’ +7 , Acta ciencia
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