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Abstract: In this paper we find substantially many non-zero numeral quintuples p,q,d,e,t fulfilling the 

biquadratic equation with five unknowns 
222233 ))(121()()( wYXkyxyx   different attractive 

dealings among the solutions and out of the ordinary numbers, octahedral numbers, centered multilateral & 

pyramidal numbers are exhibited. 
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Notations Used: 

       - Polygonal number of rank n with size m. 

 
n

mP
   

-  Pyramidal number of rank n with size m. 

      -   Pronic number of rank n.  

      -  Octahedral number of rank n.        

1. INTRODUCTION 

Bi-quadratic Diophantine Equations, 

uniform and ununiform, have aroused the attention 

of many Mathematicians since uncertainty as can 

be seen from [1,2,17-19]. In the background one 

may refer [3-16] for varieties of problems on the 

Diophantine equations with two, three and four 

variables. This communiqué concerns with the 

problems of determining non-zero fundamental 

solutions of bi-quadratic equation in the six 

unknowns represented by 

222233 )()121()()( wYXkyxyx   . 

A small number of attractive relations between the 

solutions and particular multilateral numbers are 

offered. 

2. METHOD OF ANALYSIS 

The Diophantine equation representing the 

bi-quadratic equation with six  unknowns below 

deliberation is  

222233 )()121()()( wYXkyxyx 

     

 (1) 

Introducing the linear transformations 

vuYvuXvuyvux  2,2,2,2      (2) 

in (1), it simplifies to 
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2222 )121(12 wkvu           (3) 

The above equation (3) is solved through diverse methods and thus one obtains different sets of integer solutions 

to equation (1). 

Set.1 

Let  
22 12baw            (4) 

Substituting (4) in (3) and using method of factorization, define 

2)32()321()32( biakiviu        (5) 

Equating real and imaginary parts, we have 

abkbakv

kabbau

212

2412

22

22




        (6) 

Substituting the values of u and v in equation (2), the non-zero distinct integral solutions of (1) are given by 

22

2222

2222

2222

2222

12),(

48212242),(

48212242),(

24424122),(

24424122),(

babaww

kababkbbkaabaYY

kababkbbkaabaXX

kababkbbkaabayy

kababkbbkaabaxx











    (7) 

Properties: 

)48(mod24)4811(2)1,()1,() ,3,4  aa kttaayaaxi  

0Pr8)1211(4),1(),1() ,4  bb btkbbybbxii  

0)124748(2144)12,()12,() ,4,4

22
2  aaa ttOHkaayaaxiii  

0)112164(2)1244(2),12(),12() ,4,4,4,4

22
22  bbbbbb

SOttkSOttbbwbbxiv

)96(mod24)12481247(2)24(4)12,()12,() ,6,4,6,4  attkttaawaaxv aaaa  

)288(mod48192428)13,()13,() ,5,4  aa kttaaYaaXvi  

0)9244(24),34(),34() ,4,10  btktbbYbbXvii bb  

Note: 

In (5) replace )321( ki   by )321( ki    
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2)32()321()32( biakiviu 
      (8)

  

Following the process offered in set. 1 a diverse solution is given by 

22

2222

2222

2222

2222

12),(

48212242),(

48212242),(

24424122),(

24424122),(

babaww

kababkbbkaabaYY

kababkbbkaabaXX

kababkbbkaabayy

kababkbbkaabaxx











    (9) 

Set .2 

(3) can be written as 

1)121(12 2222  wkvu                   (10) 

Write 1 as 
16

)322()322(
1

ii 
                 (11) 

Using (11) in (10) and employing the method of factorization, delineate  













 


4

322
)32()321(32 2 i

biakiviu                         (12) 

Equating real and imaginary parts & replacing a by 4a and b by 4b, we have 

abkabkbbkaav

abkabkbbkaau

9616964884

1929657696488

2222

2222




             (13) 

Using (13) & (2) we get the integral solutions of (1) to be 

22

2222

2222

22

2222

19216),(

288208124814410412),(

48017610562408820),(

12876864),(

384643841923216),(

babaww

kababkbbkaabaYY

kababkbbkaabaXX

abkbkabayy

kababkbbkaabaxx











         (14) 

Properties: 

0)3612144147(32)12124849(16)12,()12,() 22 ,4,4,4,4

22  aaaaaa SOttkSOttaayaaxi

)64(mod1Pr768352),1(),1(2) ,4  bb ktbbybbxii  
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0)364748(32)6(32)12,()12,() ,4,4,4

22
2  aaaaa OHttkOHtaawaaxiii  

0)6(64)121112(32),1(),1() ,4,4  bbbb tOblbtOblkbbwbbxiv  

)384(mod192)122412(64)1216(16)1,()1,() ,4,4,4,4

522
22  attkttPaawaayv aaaaa

)26880(mod9600

)9002520241761(64)24587(32)57,()57,()

)384(mod88)112(32)1247248(16)12,1()12,1()

0)124748()1664()12,()12,()

,9,4,9,4

,4,4

,4,4

22
2









attkttaaYaaXviii

tbGnOtkbYbXvii

ttkaawaayvi

aaaa

bbb

aa

Note : 

In (12) replace












 

4

322 i
 by 













 

4

322 i
 

    (15) 

 

Following the process offered in set.2 a diverse solution is given by  

22

2222

2222

2222

22

19216),(

48017610562408820),(

288208124814410412),(

384643841923216),(

12876864),(

babaww

kababkbbkaabaYY

kababkbbkaabaXX

kababkbbkaabayy

abkbkabaxx











         (16) 

Case 1: 

1)121(12 2222  wkvu

 
Instead of (11), write 1 as 

xc
ii













 


49

)341()341(
1             (17) 

Using (17) in (10) and employing the method of factorization, define 













 


7

341
)32()321(32 2 i

biakiviu         (18) 

Equating real and imaginary parts and replacing a by 7a and b by 7b 













 


4

322
)32()321(32 2 i

biakiviu
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kababkbbkaav

kababkbbkaau

3361484168714

1683362016841687

2222

2222




      (19) 

Using (19) & (2) we get the integral solutions of (1) to be 

22

22

2222

2222

2222

58849),(

6726864116343),(

688394833632928),(

840364218425218221),(

504308194842032235),(

babaww

kababkbkabaYY

abkbbkaabaXX

kababkbbkaabayy

kababkbbkaabaxx











     (20) 

Note  

In (18) replace












 

7

341 i
 by 













 

7

341 i

 

 

          (21) 

Following the procedure presented in case 1,a different solution is given by 

22

2222

22

2222

2222

58849),(

672658394833632928),(

6864116343),(

840308184842015435),(

504364218425218221),(

babaww

kababkbbkaabaYY

abkbkabaXX

kababkbbkaabayy

kababkbbkaabaxx











       (22) 

Case 2: 

1)121(12 2222  wkvu

 
As an alternative of (17), write 1 as 













 


256

)388()388(
1

ii
           (23) 

Using (17) in (10) and employing the method of factorization, define 













 


16

388
)32()321(32 2 i

biakiviu          (24) 

Equating real and imaginary parts and replacing a by 16a and b by 16b 













 


7

341
)32()321(32 2 i

biakiviu
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kababkbbkaav

kababkbbkaau

1536256153676812864

3072153692161536768128

2222

2222




       (25) 

Using (25) & (2) we get the integral solutions of (1) to be 

22

2222

2222

22

2222

3072256),(

460833281996820341664192),(

768028161689638401408320),(

2048122881024),(

6144102461443072512256),(

babaww

kababkbbkaabaYY

kababkbbkaabaXX

abkbkabayy

kababkbbkaabaxx











    (26) 

Note  

In (24) replace












 

16

388 i
 by 













 

16

388 i

 

 

          (27) 

Following the parallel process as in case 2,the equivalent numeral solutions of (1) are given by 

22

2222

2222

2222

22

3072256),(

768028161689638401408320),(

460833281996820341644192),(

6144102461443072512256),(

2048122881024),(

babaww

kababkbbkaabaYY

kababkbbkaabaXX

kababkbbkaabayy

abkbkabaxx











   (28) 

Set.III 

Rewrite (3), we get 

)(12 22222 vwkwu          (29) 

Choice: I 

0,
)(4

)(3
















wu

vkw

vkw

wu
       (30) 

Using method of cross ratio, we get 

22

22

22

43),,(

243),,(

2443),,(













w

kkkv

kku

       (31) 













 


16

388
)32()321(32 2 i

biakiviu
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Hence in observation of (2) the parallel non-zero numeral solutions of (1) are 

22

2222

2222

2222

2222

43),,(

4824836),,(

4824836),,(

2448463),,(

2448463),,(





















kww

kkkkYY

kkkkXX

kkkkyy

kkkkxx

 

Properties 

0Pr4)36(2),,1(),,1()

)192(mod649684),23,(),23,()

0)27907924(2)(8),,35(),,35()

)96(mod0)36961261(2)229(2),34,(),34,()

0)4121613(2)288(4),12,(),12,()

0)48Pr12(2)Pr23(2),1,(),1,()

08)83832(2),12,(),12,()

0)4721316(2),12,(),12,()

,4

,8,4

,4,7,4,7

,10,4,10,4

,4,4,4,4

22

,4,4

,4,4

22

,4,4

22

22

2

2

















































tkkYkXviii

kttkYkXvii

ttkttkwkyvi

ttkttkwkyv

OSttkSOttkykxiv

tktkwkxiii

SOttkkykxii

kOHttkykxi

 In addition to (30), (29) may also be uttered in the form of ratios in three diverse choices that are obtainable 

below 

Choice: II 















wu

vkw

vkw

wu )(3

)(4
 

Choice: III 















wu

vkw

vkw

wu )(6

)(2
 

Choice: IV 















wu

vkw

vkw

wu )(3

)(2
 

Solving  each of the exceeding system of equation by the subsequent process as offered in set.III, the parallel 

integer solution to (1) are establish to be as given below 

Solution for choice II: 
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kkkkXX

kkkkyy

kkkkxx







4823648),,(

2446384),,(

2446384),,(

2222

2222

2222







 

22

2222

34),,(

4823648),,(









kww

kkkkYY
 

Solution for choice III: 

 

22

2222

2222

2222

2222

62),,(

48261224),,(

48261224),,(

24412642),,(

24412642),,(





















kww

kkkkYY

kkkkXX

kkkkyy

kkkkxx

 

Solution for choice IV: 

 

22

2222

2222

2222

2222

62),,(

48261224),,(

48261224),,(

24412642),,(

24412642),,(










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






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3. CONCLUSION: 

In this paper, we have offered distinct choices of 

integral solutions to homogeneous biquadratic 

equation with six unknowns, 

222233 ))(121()()( wYXkyxyx 

.To terminate, as biquadratic equations are rich in 

multiplicity, one may regard as other forms of 

biquadratic equations and rummage around for 

analogous properties. 
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